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Introduction
Stress intensity factor (K) corrections for most common geometries are available in several published handbooks [1] [2] [3] . In most cases, the solutions are considered to be exact, but in some cases, the accuracy is limited, and can often be improved by the use of current finite element modeling (FEM) tools such as StressCheck [4] . In this report, the normalize stress intensity parameter, β, will be used as shown below.
Where:
σ ref : reference stress used to determine K x: crack length of interest
As indicated in Equation 1, the beta value is a function of the crack length, but it also accounts for geometry effects on the local stress field near the crack tip. Existing solutions for common crack geometries may be useful as components of a compounded solution for the more complex solution, such as the multi-site damage geometry, shown in Figure 1 .
Figure 1: Typical Multiple Crack Assumption for the MSD Scenario
This MSD problem assumes the existence of a primary crack on one side of a fastener hole with a shorter, secondary crack on the opposite side of the hole. Additional secondary cracks are assumed to exist on the opposite side of every other hole in a row for an infinite plate.
The following sections summarize work performed to develop new K-solutions that may be useful in the development of a 2-D compounded solution for the MSD crack geometry.
Two Un-Equal Through Cracks on Either Side of an Open Hole in an Infinite Plate
To predict the growth of these cracks (shown in Figure 2 ), it is necessary to account for crack interaction. Each crack has an effect on the local stress field as it grows, so the stress intensity factor at each crack tip is a function of the length of both cracks. The handbook solution by Murakami [3] , was reported to be accurate within 10 percent for all crack lengths, but assumed to be within 5 percent for most crack length combinations. The handbook solution is given as:
1 Approved for public release; distribution unlimited.
Where: C 1 : crack length of interest C 2 : crack length on the opposite side of the hole F (λ) : beta solution for 2, symmetric cracks of length C 1 on each side of the hole 1
Figure 2: Un-Equal Cracks on Either Side of a Hole
The range of applicability for the handbook solution is given as: 0 ≤ / ≤ 1. In this case, the subscript (i) refers to C 1 or C 2 , and there is no restriction on which crack is longer. It is interesting to note that the form of the correction used to convert the double, symmetric through cracked hole solution is very similar to the Shah correction [5] , that has been commonly used to convert double, symmetric, quarter elliptical cracked hole solutions to the corresponding single cracked case, as shown in Figure 3 . 
1 The handbook references a closed-form solution for the double, symmetric crack geometry as a function of λ = C 1 /R.
2 Approved for public release; distribution unlimited.
After setting a/t = 1 (for a through crack), and applying some algebra, the Shah correction for a through crack is given below in Equation 4.
An issue of some concern is the fact that Equations 2 and 4 are not the same as they should be when C 2 = 0 (single crack case) in Equation 2. To resolve this, FE analyses for a number of crack lengths were performed using StressCheck for single and double symmetric through cracks at an open hole in a very wide plate (W/D = 100). The resulting beta values for a gross remote stress reference are shown in Table 1 . The results for the single crack were divided by the corresponding double crack beta values and compared to the handbook solution (with C 2 = 0) and the through crack Shah correction. The purpose of this comparison was to evaluate the accuracy of these closed-form double to single crack beta corrections. Both solutions were generally below the FEM results up to C/R = 4. The 3 The zero crack length values are based on the reference stress concentration and the finite edge correction.
3 Approved for public release; distribution unlimited.
handbook solution was as much as 4 percent low and the Shah correction was better at 2.7 percent low.
An alternative solution for unequal through cracks at open holes is proposed that fits the FE results better for C2 = 0, C1/R < 2 and is less than 2% high (conservative) for all C1/R > 2.
. + (5)
Figure 4: Correction for Single vs. Double Cracks at an Open Hole
The proposed solution was developed as a curve fit to the FE based data, and was biased to provide the best fit for the shorter crack lengths. Although it would have been possible to develop a more accurate fit to all of the data shown in Figure 4 , the proposed solution also had to meet the following criteria:
The solution must converge to 1.0 as the crack lengths go to zero, and
The solution must converge to √0.5 as the crack lengths go to infinity. for several combinations of crack lengths indicated differences as high as 8 percent (for C 1 /R = 6). When considering the use of this correction as part of a larger compounded solution, additional improvements are needed. For example, a 2 percent difference compounded over 3 solutions results in an overall difference of approximately 6 percent. Historically, differences as high as 5 percent have been acceptable for life prediction purposes. Therefore, it is important to make improvements to the solution to minimize these differences.
A set of curve fit solutions were developed as closed-form corrections required to resolve the differences between the proposed solution and FE results. The corrections were simplified by defining a primary (C p ) and secondary crack (C s ) on either side of the hole, where C s ≤ C p . This was done so that a closed-form correction could be developed for each crack. Several crack length combinations were used for 0.4 ≤ C p /R ≤ 6 to determine the required corrections. The closed-form corrections are shown as lines overlaid on FE data points for each crack tip in Figure  5 and Figure 6 . Corrections below C p /R = 0.3 were linearly interpolated 4 to 1.0 as C p /R approaches zero to allow the solutions to converge to the known solution. The closed-form, curve fit corrections for each crack tip are provided in equation form in Appendix A. In summary, the complete beta solution for this geometry requires the use of the proposed solution shown in Equation 5 , and the additional application of the appropriate beta correction factor. When using the proposed solution, C 1 is always defined as the crack tip of interest, and C 2 is the crack length on the opposite side of the hole. The additional beta correction factors for the primary (C p ) and secondary (C s ) crack tip are determined using the closed form solutions provided in Appendix A for each crack tip, where C s ≤ C p .
Multiple Through Cracks Along a Plane in an Infinite Plate
Handbook solutions for multiple through cracks in an infinite plate (see Figure 7) are generally limited to cracks of equal length. A more general solution 5 is needed for the development of a compounded solution for the MSD geometry. 5 Where, i > 2 in Figure 7 . The first step in this case was to develop a solution for two cracks in an infinite plate. Two parameters were used to describe this geometry:
There are four crack tips to consider in this case. Two crack tips growing toward each other (inside tips), and two tips growing apart (outside tips). To simplify the solution, the crack tip of interest is defined as C 1 , and the adjacent crack is defined as C 2 .
Several combinations of crack lengths and spacing were modeled to obtain sufficient data for development of a closed-form solution. It is interesting to note that for any crack spacing (d), the beta solution for any crack tip was completely defined by the two parameters listed above.
Closed-form beta solutions for a remote gross tension reference stress were developed by curvefitting the results for the FEMs for very large plates. The resulting equations are provided in Appendix B.
7 Approved for public release; distribution unlimited. The two-crack solution was used to determine the solution for three-cracks (see Figure 6 ) using the method of compounding. The center crack was defined as C1 with cracks of equal length, C2, were placed on each side with crack spacing defined as d1 (left side) and d2 (right side). The solution for the center crack was calculated by applying the two-crack solution at each crack tip to account for the effect of the crack on either side. The product of the resulting solutions for each crack tip was compared to the FE solution for a number of crack lengths and spacings. A typical StressCheck p-version FEM is shown in Figure 9 . The total plate width for these models was fifty times the distance between the outside crack tips of the right and left cracks, and the plate height was five times the width to approximate an infinite plate.
Figure 10: Typical StressCheck Model for Three Cracks
The FEM solutions were compared to the compounded, two crack beta solutions for the left and right crack tips of the center crack. The result is shown in Table 2, and Table 3 for the left (C 11 ) and right (C 12 ) crack tips, respectively. 9 Approved for public release; distribution unlimited. 10 Approved for public release; distribution unlimited. 
Through Cracks Approaching an Open Hole in an Infinite Plate
Handbook stress intensity solutions are available for this geometry, but are limited to a graphical format. A closed-form solution is far more desirable for use in a life prediction program. The data used to develop closed-form solutions for each crack tip were obtained from a previous (2004) AFRL in-house effort [6] to characterize the effect of an open hole on an adjacent through crack. The finite element data 7 were spline fit to develop a table look-up solution for each crack tip. The tabular solutions are based on the remote gross reference stress for the infinite plate geometry, and are provided for the following parameters and associated limits:
.
≤ / ≤ . , and . ≤ / ≤ . .
The tabular data and closed-form solutions are shown for the inside and outside crack tips in Figure 12 and Figure 13 , respectively. The inside crack tip is defined as the crack tip growing toward the hole, and the closed-form beta solutions are provided in Appendix C. 7 The FEMs in the previous AFRL effort used h-version elements.
12 Approved for public release; distribution unlimited. There is very good agreement between the new FE results and the closed-form solutions. At the higher values of R/d and longer crack lengths, the solutions appears to be somewhat conservative. The largest difference seen was just over 3 percent. 
Summary
The closed-form solutions documented here may be useful in the development of a new, general closed-form solution for the MSD problem. The accuracy of the solutions are within approximately 3% of all of the detailed FE analysis results, and within 1% of the majority of the results for all of the cases presented in this report. The finite element results used to develop these new solutions are provided in Appendix D.
Care was taken to use well behaved functions as far as possible to fit the data. The bounds of the parameters were selected to cover the most practical cases, but it seems reasonable to expect that the solutions could be used beyond the limits shown in this report (except where clearly indicated). However, the accuracy of any extrapolated solution would, of course, be more uncertain as the parameters increasingly exceed the limits.
Finally, while the method of compounding can be a very powerful tool, it should not be used to combine cases with different boundary conditions. For example, the holes modeled in this report were all open and un-filled. The solutions provided in this report should not be expected to apply to the case of a filled and/or a pin loaded hole. Additional work is required to characterize the behavior of filled and pin loaded holes as part of a complete MSD closed-form K-solution. 
